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Initial-value problemThe problem of integrating the rotational vector from a given angular velocity vector is met in such
diverse ﬁelds as the navigation, robotics, computer graphics, optical tracking and non-linear dynamics
of ﬂexible beams. For example, if the numerical formulation of non-linear dynamics of ﬂexible beams
is based on the interpolation of curvature, one needs to derive the rotation from the assumed curvature
ﬁeld. The relation between the angular velocity and the rotation is described by the ﬁrst-order quasi-
linear differential equation. If the rotation is given, the related angular velocity is obtained by the
differentiation. By contrast, if the angular velocity is given, the related rotations are obtained by the
integration. The exact closed-form solution for the rotation is only possible if the angular velocity is
constant in time. In dynamics of non-linear ﬂexible spatial beams, the problem of integrating rotations
from a given angular velocity becomes even more complex because both the angular velocity and the
curvature need simultaneously be integrated and are both functions of space and time. As the angular
velocity and the curvature are assumed to be analytic functions, they must satisfy certain integrability
conditions to assure the unique rotation is obtained from the two differential equations. The objective
of the present paper is to derive approximate, yet closed-form solutions of the following problem: for
a given curvature vector, determine both the rotation and the angular velocity. In order to avoid the sin-
gularity of kinematic relations, the quaternions are used for the parametrization of rotations, and the
integrations are partly performed in the four-dimensional quaternion space. The resulting closed-form
expressions for the rotational and angular velocity quaternions are ready to be used in the ﬁnite-element
formulations of the dynamics of ﬂexible spatial beams as interpolating functions. The present novel
solution is assessed by comparisons of the numerical results with analytical solutions for variety of
oscillating curvature functions, as well as with the solutions of the quaternion-based midpoint integrator
and the Runge–Kutta-based Crouch–Grossman geometrical methods CG3 and CG4.
 2015 The Authors. Published by Elsevier Ltd. This is anopenaccess article under the CCBY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The problem of integrating the rotational vector from a given
time-dependent angular velocity vector is met in such diverse
ﬁelds as the navigation, robotics, computer graphics, and dynamics
of rigid bodies. For example, in a strapdown inertial navigation sys-
tem [1–5], the body-ﬁxed gyroscopes measure the instantaneous
angular velocity of a space vehicle, which is on-line numerically
integrated to obtain the instantaneous coordinate transformation
matrix between the body-ﬁxed and the spatial coordinate systems
needed to establish the attitude of the vehicle. Obviously, having
an accurate, stable and computationally efﬁcient integration is
vital in controlling the spatial position of such systems in ﬂight.
The same integration problem must be solved in real-time opticaltracking of a human body motion, which is related to problems in
robotics and computer graphics [6,7].
A further signiﬁcant example is met in computational structural
mechanics in the study of non-linear dynamics of ﬂexible beams if
the numerical formulation is based on the interpolation of curva-
ture as in, e.g. [8,9]. There one needs to derive the rotation from
the assumed curvature ﬁeld when given in terms of the arc-length
parameter. This is essentially the same problem as described
above, because the differential equations for both the angular velo-
city and the curvature in terms of the rotation are formally the
same.
The relation between the angular velocity (or curvature) and
the rotation is described by the ﬁrst-order quasi-linear differential
equation. When the rotation is a given function, the related angular
velocity (or curvature) is obtained by the differentiation. When the
angular velocity (or curvature) is given, the related rotations must
be obtained by the integration. The exact closed-form solution for
the rotation is possible for angular velocities and curvatures,
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angular velocity is constant in time. An alternative solution in
terms of an inﬁnite series is known for any analytic angular velo-
city (or curvature), see, e.g. [1,10]. Such a solution is computation-
ally inefﬁcient. Various numerical time-integration schemes have
been introduced and their performance discussed, see, e.g.
[11,12] or [13,10] for the references related to the structural
mechanics problems. In [14] it is investigated how the choice of
the parametrization of rotations effects accuracy and computation-
al efﬁciency of various numerical time-integration schemes by
comparing three different rotation parameterizations, i.e. the rota-
tional vector [15,16,8], the Argyris tangential vector [15] and the
rotational quaternion [17], if combined with two alternative mid-
point rules [13,14] or the classical ﬁfth-order Runge–Kutta
method. Andrle and Crassidis [11] employ the Crouch–Grossman
geometric methods and compare their results with the Runge–
Kutta algorithms. Chiou et al. [12] developed a family of general
high-order numerical time integrators that exactly preserve the
constraint of the rotational quaternion.
In dynamics of non-linear ﬂexible spatial beams, the problem of
integrating rotations from a given angular velocity becomes even
more complex because both the angular velocity and the curvature
need simultaneously be integrated and both are functions of inde-
pendent variables x and t. As the angular velocity and the curvature
are assumed to be analytic functions, they must satisfy certain
integrability conditions to assure that the unique rotation is
obtained from the two differential equations. Our objective here
is thus to derive approximate yet closed-form solutions of the fol-
lowing problem: for a given curvature vector dependent on two
variables, x and t, determine both the rotation and the angular
velocity. In order to avoid the singularity of the kinematic relations
[15,18], the quaternions are used for the parametrization of rota-
tions in the present paper, and the integrations are partly per-
formed in the four-dimensional quaternion space. The resulting
closed-form expressions for the rotational and angular velocity
quaternions could be used in reﬁned, ﬁnite-element type of
numerical formulations of the dynamics of ﬂexible spatial beams
as the interpolating functions.
2. Quaternions
Quaternions have recently often been discussed in structural
mechanics literature, see, e.g. [19,20,17], so that only equations
essential for the present study are given. A systematic presentation
of quaternions can be found elsewhere [21,22].
The quaternion, ba, is a four-component element, deﬁned as a
formal sum of a scalar and a vector: ba ¼ a0 þ a*. For two arbitrary
quaternions, ba ¼ a0 þ a* and bb ¼ b0 þ b*, and a scalar, k, the follow-
ing operations are deﬁned:
(i) sum: ba þ bb :¼ a0 þ b0ð Þ þ a*þ b*  ¼ bb þ ba,
(ii) multiplication by a scalar: kba :¼ ka0 þ k a*,
(iii) multiplication by a quaternion: ba  bb :¼ a0b0  a*  b* þ
b0 a
*þa0 b
*
þ a* b
*
 
.
The quaternion multiplication is associative: ba  ðbb  bcÞ ¼
ðba  bbÞ  bc , yet it is not commutative, because ba  bb  bb  ba ¼
2 a
* b
*
. Quaternions are elements of the 4D vector space.
The null quaternion is deﬁned as b0 ¼ 0þ 0*. The identity quater-
nion is b1 ¼ 1þ 0*. Hence ba þ b0 ¼ b0 þ ba ¼ ba, b0  ba ¼ ba  b0 ¼ b0 andb1  ba ¼ ba  b1 ¼ ba. The conjugated quaternion is deﬁned asba ¼ a0  a*. This implies that ðba  bbÞ ¼ bb  ba. The norm of a
quaternion is deﬁned as ba  ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃba  bap ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃa20 þ a* 2
r
. The quater-
nion whose norm is 1 is the unit quaternion. In what follows, the
unit quaternion will play a remarkable role and will be denoted
by bq. The inverse of a quaternion, ba1, satisﬁes the conditionba1  ba ¼ ba  ba1 ¼ b1; hence [22]
ba1 ¼ ba
kbak2 : ð1Þ
If kbak ¼ 1,
ba1 ¼ ba and ba  ba ¼ ba  ba ¼ b1: ð2Þ
The scalar part of a pure quaternion is zero: bapure ¼ 0þ a*. This
implies bapure ¼ ba.
A quaternion can also be written in an alternative polar formba ¼ kbakðcos hþ a*n sin hÞ, where a*n ¼ a*k a* k is the unit vector, n*; angle
h is extracted from the quaternion using cos h ¼ a0
kbak and sin h ¼ k a* kkbak .
When the quaternion is unitary, its norm is 1; thus
if kbqk ¼ 1; then bq ¼ cos hþ n* sin h: ð3Þ
Now we show that the unit quaternion bq ¼ q0 þ q* represents the
rotation of a quaternion in 4D. Because the quaternion product is
not commutative, the left and the right multiplications of a quater-
nion, ba, with the unit quaternion, bq, yield two different quaternionsbaL ¼ bq  ba; baR ¼ ba  bq; ð4Þ
but their norms remain equal to kbak:
kbaLk2 ¼ baL  baL ¼ðbq  baÞ  ðbq  baÞ ¼ bq  ba  ba  bq ¼ kbak2 bq  bq ¼ kbak2;
kbaRk2 ¼ baR  baR ¼ðba  bqÞ ðba  bqÞ ¼ ba  bq  bq  ba ¼ kbak2:
This shows that both the left and the right multiplication with the
unit quaternion represent the rotation of a quaternion in 4D. The
resulting quaternions are not pure quaternions, however.
Similarly, the 3D rotation of a vector must result in a 3D vector
whose length is preserved. Consequently, if a vector a
*
is represent-
ed by a pure quaternion, ba ¼ 0þ a*, it should remain such in the
rotated position. Hence, the 4D rotation of a pure quaternion
should result in a pure quaternion. By performing explicit multipli-
cations it can be shown that the following composition of two sub-
sequent multiplications with the unit quaternion bqbarot ¼ bq  ba  bq ð5Þ
yields the pure quaternion barot ¼ 0þ a*rot. As, furthermore, the norm
of ba does not change in the 4D rotation (5)
kbarotk2 ¼ barot  barot ¼ bq  ba  bq  ðbq  ba  bqÞ
¼ bq  ba  bq  bq  ba  bq ¼ kbak2;
bq  ba  bq represents the rotation of vector a* in 3D indeed.
Because bq and bq each rotates by the same angle [22], their
composition (5) results in the double angle rotation. Thus the dou-
ble left–right operation (5) with the unit quaternion
bqð#; n*Þ ¼ cos#
2
þ n* sin#
2
ð6Þ
on an arbitrary pure quaternion ba ¼ 0þ a* results in a pure quater-
nion barot ¼ bq  ba  bq ¼ 0þ a*rot, being rotated from ba by angle #
about axis n
*
.
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we need to introduce the 4D quaternion basis. By the rule, two bas-
es are typically utilized in mechanics, i.e. the spatial quaternion
basis, bBg , which is ﬁxed in space, and the body quaternion basis,bBG, attached to the moving body, such that bgi ¼ 0þ gi* , andbGi ¼ 0þ Gi* ði ¼ 1;2;3Þ, and bg0 ¼ bG0 ¼ 1þ 0*. Here gi* and Gi* are
the orthonormal Cartesian base vectors in the 3D vector space.
Such a choice clearly results in an orthonormal basis of the 4D
quaternion space. Then any quaternion ba can be represented
relative to the spatial or the body quaternion basis, respectively,
by one-column matrix bag ¼ ag0 ag1 ag2 ag3½ T or baG ¼
½ aG0 aG1 aG2 aG3 T. Here and in what follows, the hat over a
bold-face sans-serif symbol is used to denote that a column, row
or matrix belongs to the 4D space. For example, the matrix form
of the rotational quaternion in the spatial basis is denoted asbq ¼ ½q0 q1 q2 q3T.
The double quaternion product on ba in Eq. (5) can be replaced
by the action of the 4 4 matrix bQðbqÞ on a column,ba ¼ ½0 a1 a2 a3T, representing pure quaternion ba. Matrix bQ is ortho-
gonal: bQT bQ ¼ bQ bQT ¼ bI.
3. Angular velocity and curvature quaternions
We employ the rotational quaternion to describe the rotated
position of the quaternion body basis with respect to the spatial
one. When the rotational quaternion is a function of time, bqðtÞ,
the quaternion body basis also changes with time. Using rule (5)
the body quaternion basis can be represented by the spatial
quaternion basis asbG0 ¼ bg0 ¼ 1þ 0*; bGiðtÞ ¼ bqðtÞ  bgi  bqðtÞ; i ¼ 1;2;3: ð7Þ
The time derivatives are given by
_bG0 ¼ b0 and
_bGiðtÞ ¼ _bqðtÞ  bgi  bqðtÞ þ bqðtÞ  bgi  _bqðtÞ: ð8Þ
Substituting bgi with bGiðtÞ using the left version of Eq. (4) and con-
sidering the relation ð _bq  bqÞ ¼ bq  _bq ¼  _bq  bq in Eq. (8) yields
_bGiðtÞ ¼ 0þ b*ðtÞ, where bbðtÞ ¼ 2 _bqðtÞ  bqðtÞ  bGiðtÞ. The quaternion
bx ¼ 2bq  _bq ð9Þ
is called the angular velocity quaternion in the body basis. On consid-
ering the deﬁnition of the quaternion product and the matrix formsbq ¼ ½q0 q1 q2 q3T and bx ¼ ½x0 x1 x2 x3T one obtains the matrix
form of Eq. (9) as
bx ¼
x0
x1
x2
x3
26664
37775 ¼ 2
q0 _q0 þ q1 _q1 þ q2 _q2 þ q3 _q3
q1 _q0 þ q0 _q1 þ q3 _q2  q2 _q3
q2 _q0  q3 _q1 þ q0 _q2 þ q1 _q3
q3 _q0 þ q2 _q1  q1 _q2 þ q0 _q3
26664
37775: ð10Þ
Differentiating the norm of the rotational quaternion
kbqk ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq20 þ q21 þ q22 þ q23q ¼ 1 with respect to t yields
2ðq0 _q0 þ q1 _q1 þ q2 _q2 þ q3 _q3Þ ¼ 0: ð11Þ
This shows that x0 ¼ 0 and proves that bx is a pure quaternion,bx ¼ 0þx* , whose vector part is the classical angular velocity vector
x
*
. If the angular velocity quaternion, bxðx; tÞ, is a given function of
both x and t, the rotational quaternion bqðx; tÞ is the solution of the
initial-value problem_bq ¼ 1
2
bq  bx; bqðx; t0Þ ¼ bqt0 ðxÞ: ð12Þ
The curvature quaternion, bjðx; tÞ, is deﬁned in a similar manner,
only that the differentiation is performed with respect to the spatial
coordinate x:bj ¼ 2bq  bq 0: ð13Þ
If bjðx; tÞ is a given function, the rotational quaternion bqðx; tÞ thus
represents the solution of the initial-value problem
bq 0 ¼ 1
2
bq  bj; bqðx0; tÞ ¼ bqx0ðtÞ; ð14Þ
being formally equivalent to the initial-value problem (12) only
that this time it is set with respect to x. Note the difference in the
initial values for bq in Eqs. (12) and (14). Differentiating the norm
of the rotational quaternion with respect to x yields
2ðq0q00 þ q1q01 þ q2q02 þ q3q03Þ ¼ 0. This implies that bj is a pure
quaternion, bj ¼ 0þ j*, too. It describes the rate of change of the
direction of the unit tangent of a spatial curve if a point moves along
the curve with constant velocity. In what follows, we wish to ﬁnd
the solutions of the two initial-value problems, (12) and (14), forbqðx; tÞ and bxðx; tÞ, if bjðx; tÞ is a given function of x and t. Let us ﬁrst
discuss the solution of the initial-value problem set in Eq. (14).
4. The integration of the rotational quaternion from a given
curvature
Eq. (14) can be written in the 4D matrix form with respect to
the quaternion body basis, bBG, as:
bq0ðx;tÞ¼1
2
bKðx;tÞbqðx;tÞ or
q00
q01
q02
q03
26664
37775¼12
0 j1 j2 j3
j1 0 j3 j2
j2 j3 0 j1
j3 j2 j1 0
26664
37775
q0
q1
q2
q3
26664
37775;
ð15Þ
where we have considered that j0 ¼ 0. Eq. (15) represents a homo-
geneous system of quasi-linear ordinary differential equations for
unknown rotational quaternion bqðx; tÞ whose system matrix,bKðx; tÞ, has a convenient property of being skew-symmetric:bK ¼ bKT. When combined with the initial condition thatbqðx0; tÞ ¼ bqx0 ðtÞ, where bqx0 ðtÞ is a given function, the differential
Eq. (15) constitutes the 4D initial-value problem set in the matrix
form. It must be observed that the components of matrix bK all
depend on both x and t, although only the derivative with respect
to x is active in this particular equation.
4.1. The exact solution
When bK is given, the unknown function in Eq. (15) is the rota-
tional quaternion. As the rotational quaternion must necessarily
preserve its length, kbqk ¼ 1, and has to assume the value bqx0 at
x ¼ x0, the exact solution must have the form of the rotation in
the 4D space:
bqðx; tÞ ¼ bQðx; tÞbqx0ðtÞ; bQ bQT ¼ bI: ð16Þ
Inserting bq from Eq. (16) into Eq. (15) yields bQ0 bQT ¼ 12 bK. As bQ is
orthogonal, it may alternatively be described by the exponential
map if parametrized in terms of a 4D skew-symmetric matrixbL ¼ bLT,
bQ ¼ ebL ; bL ¼ bLT: ð17Þ
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bqðx; tÞ ¼ ebLðx;tÞ bqx0 ðtÞ: ð18Þ
After differentiating bq with respect to x, employing the result and
Eqs. (17) and (18) in Eq. (15) and, ﬁnally, cancelling out bqx0 from
the equation, we obtain
bL0 ¼ 1
2
ðebLÞT bK ebL : ð19Þ
This represents the differential equation for bLðx; tÞ. The problem of
solving Eq. (15) has thus been replaced by another problem of solv-
ing Eq. (19). Unfortunately, the latter appears to be even harder
than the original problem to solve.
4.2. An approximate solution
It is well known [23] that the exact solution of the initial-value
problem with a homogeneous system of differential Eqs. (15) at an
arbitrary x ¼ x2 reads
bqðx2; tÞ ¼ ebK intðx2 ;tÞ bqðx1; tÞ; ð20Þ
where bqðx1; tÞ is the initial value at x ¼ x1, and bKint denotes the
skew-symmetric matrix
bKintðx2; tÞ ¼ 12
Z x2
x1
bKðn; tÞdn ¼ bKTint; ð21Þ
provided that the conditionbKðx2; tÞ bKðx3; tÞ ¼ bKðx3; tÞ bKðx2; tÞ; 8ðx2; x3Þ 2 ½x1; x2 ð22Þ
is satisﬁed. The above condition is equivalent to the requirement of
the commutativity of the matrix product of bK and bK0:bKðx; tÞ bK0ðx; tÞ ¼ bK0ðx; tÞ bKðx; tÞ; 8ðx 2 ½x1; x2; tÞ: ð23Þ
If the curvature is constant, it follows that bK0 ¼ b0 and Eq. (23) is
identically satisﬁed. Therefore, in this particular case, the solution
(20) is exact. If the curvature is not constant, condition (23) results
in two independent scalar equations
j1ðx; tÞj02ðx; tÞ ¼ j2ðx; tÞj01ðx; tÞ; ð24Þ
j1ðx; tÞj03ðx; tÞ ¼ j3ðx; tÞj01ðx; tÞ: ð25Þ
To fulﬁl the above two conditions, the components ji of matrix bK
must have the same spatial and time variation, which does not hold
true generally. When the interval ½x1; x2 decreases, conditions (22)
or (23) tend to be more and more satisﬁed, though; thus the solu-
tion (20) approaches to the exact solution in the limit. In what fol-
lows the approximate solution (20) is employed for constructing an
approximate solution for the unknown rotational quaternion. As
seen from Eq. (20), the variation of the curvature with x is account-
ed for in the proposed solution by an integral of j over the observed
interval ½x1; x2. Furthermore, the matrix exponential needs to be
evaluated.
4.3. The exponential function of the 4D skew-symmetric matrix
The matrix exponential function of a 4D skew-symmetric
matrix can be expressed in an analytical, closed-form solution
[11,7,5,24]. To that end, the 4D axial vector ~kint of bKint is introduced
ﬁrst:
~kint ¼
~k0
~k1
~k2
~k3
266664
377775 ¼ 12
0R x2
x1
j1ðn; tÞdnR x2
x1
j2ðn; tÞdnR x2
x1
j3ðn; tÞdn
266664
377775: ð26ÞThen the matrix exponential function reads
ebK int ¼ bQK ¼ cosk~kintkbIþsink~kintkk~kintk bKint; bQK bQTK ¼ bQTK bQK ¼bI; ð27Þ
where bQK is the rotation matrix and bI the identity matrix in 4D, and
k~kintk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~k21 þ ~k22 þ ~k23
q
is the norm of ~kint. The approximate solution
(20) at x ¼ x2 then takes the form
bqðx2; tÞ ¼ bQKðx2; tÞbqðx1; tÞ: ð28Þ
5. The integration of the rotational quaternion from a given
angular velocity
The differential equations for the rotational quaternion in terms
of either the angular velocity or the curvature agree in form. Thus
the approximate solution of Eq. (12) is also given as
bqðx; t2Þ ¼ bQXðx; t2Þbqðx; t1Þ; ð29Þ
where the approximation of the rotation operator related to the
given angular velocity is denoted by bQX, and assumed in the form
bQX ¼ cos k ~xintkbI þ sin k ~xintkk ~xintk bXint: ð30Þ
Here k ~xintk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
~x21 þ ~x22 þ ~x23
q
is the norm of the 4D angular velo-
city vector ~xint,
~xint ¼
~x0
~x1
~x2
~x3
26664
37775 ¼ 12
0R t2
t1
x1ðx;gÞdgR t2
t1
x2ðx;gÞdgR t2
t1
x3ðx;gÞdg
2666664
3777775; ð31Þ
being the axial vector of the skew-symmetric matrix bXint:
bXintðx; t2Þ ¼ 12
Z t2
t1
bXðx;gÞdg ¼ bXTint; ð32Þ
where
bX ¼
0 x1 x2 x3
x1 0 x3 x2
x2 x3 0 x1
x3 x2 x1 0
26664
37775: ð33Þ6. The integration of the angular velocity from the curvature
The angular velocity and the curvature quaternion are related to
the rotational quaternion via Eqs. (9) and (13). If the rotational
quaternion, bq, is a given function of x and t, the two functions, bx
and bj, can uniquely be determined from bq using the differen-
tiation. If, alternatively, bjðx; tÞ is given, Eq. (13) must be integrated
with respect to x to obtain the rotational quaternion. The angular
velocity then follows by the differentiation of the rotational
quaternion with respect to t. This shows that the angular velocity
and the curvature are mutually dependent functions. The relation
of dependency is derived next.
6.1. The relation between the angular velocity and the curvature
The relation between bx and bj is obtained by the elimination of
the rotational quaternion from Eqs. (9) and (13). To that end, Eq.
(9) is differentiated with respect to x, Eq. (13) with respect to t,
and the differentiated equations are subtracted. Upon considering
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manipulations we obtain
bx 0  _bj ¼ 1
2
ð bx  bj  bj  bxÞ: ð34Þ
This is the relation that bx and bj need to satisfy in order to assure
the unique integrability of Eqs. (9) and (13) for bq. As bx and bj in
Eq. (34) are pure quaternions, the above equation is conveniently
rewritten in the 3D matrix form as
x01
x02
x03
264
375 ¼  0 j3 j2j3 0 j1
j2 j1 0
264
375 x1x2
x3
264
375þ _j1_j2
_j3
264
375 ð35Þ
or, in the compact matrix form
x0 ¼ Kxþ _j: ð36Þ
Note that the variables in Eq. (36) are columns and matrices in the
3D space. Eq. (36) constitutes a quasi-linear inhomogeneous system
of three scalar differential equations of the ﬁrst order forx in terms
of j. Because no closed-form exact solution of Eq. (36) exists gener-
ally, we construct an approximate solution based on the assump-
tion that the solution of the homogeneous part of the equation
has the form of an exponential map in Eq. (20).
6.2. An approximate solution
An approximate solution of Eq. (36) for the angular velocity at
x ¼ x2 is assumed in the form of the sum of the fundamental and
the particular solutions [23]
xðx2; tÞ ¼ e

R x2
x1
Kðn;tÞdn
xðx1; tÞ þ
Z x2
x1
e

R x2
g
Kðn;tÞdn _Kðg; tÞdg: ð37Þ
It is easy to show that the arguments in matrix exponential func-
tions in Eq. (37) are skew-symmetric 3D matrices. For such matrices
the matrix exponential is given by the exact closed-form Rodrigues
formula [15]:
RodðAÞ :¼ eA ¼ Iþ sin k~akk~ak Aþ
1 cos k~ak
k~ak2
A2; A ¼ AT: ð38Þ
Here I is the 3D identity matrix, A ¼ AT is the 3D matrix and ~a its
axial vector. Introducing Eq. (38) into Eqs. (37) yields
xðx2; tÞ ¼ Rod 
Z x2
x1
Kðn; tÞdn
 
xðx1; tÞ
þ
Z x2
x1
Rod 
Z x2
g
Kðn; tÞdn
 
_Kðg; tÞdg: ð39Þ
We must note that the integrals in Eq. (39) are generally not
analytically solvable and are hence here solved numerically using
the 2-point Gaussian integration. The second integral represents a
nested integral with a running lower bound. It is evaluated for
two lower bounds which are chosen as Gaussian integration points
in interval ½x1; x2.
The above result for the angular velocity follows, if the curva-
ture is given. When the angular velocity is given, the fully analo-
gous derivation results in the solution for the curvature which is
formally the same as the one presented in Eq. (39). As it can be con-
structed by analogy, we do not display it here.
The complete similarity between Eqs. (9) and (13) may suggest
that the functional forms of the angular velocity and the curvature
are the same. The solution (39) does not conﬁrm this. If the curva-
ture is, e.g. a linear function of x, the angular velocity appears to be
some non-linear function of t.7. Numerical tests
The proposed approximate solutions (28), (29) and (39) will
now be employed to test their validity, accuracy and stability.
We will discuss both the integration of the rotational quaternion
and the integration of the angular velocity from the given
curvature.
7.1. The integration of the rotational quaternion from the given
curvature
In order to assess the present approximate solution (28), we
choose an analytical expression for the rotational vector, #ðxÞ,
and derive exact expressions for the related rotational and curva-
ture quaternions [14]. Then the integration interval, ½0; 10, is
divided into subintervals, ½xp; xpþ1, here termed steps, and approx-
imate results for bqpþ1 are evaluated on the basis of the given curva-
ture quaternion. The numerical results for the rotational
quaternion are compared with the given exact ones at the end of
each step to obtain the current global error. Additionally, the max-
imum global error over the whole integration interval is intro-
duced which is deﬁned as
errð f Þ ¼ max k f ðxpÞ  f pk; ð40Þ
where f is the variable under the analysis, f ðxpÞ the exact solution at
xp, and f p its approximation. The associated location where the
maximum error occurs is denoted by xm. As in [14,10], we choose
several characteristic rotational vector functions to test the method
for various kinds of rotational behaviour. The use of Eq. (28)
requires that the integral of bjðxÞ over the integration step
½xp; xpþ1 is evaluated. If bjðxÞ is a polynomial of a low degree, the
integration is analytic. Often, as it is also the case in the present
study, bjðxÞ is not analytically integrable or is its analytical integral
inefﬁcient for the evaluation. To overcome accuracy and/or efﬁcien-
cy problems, we here employ the Gaussian numerical integration of
an appropriate degree. The 2-point Gaussian integration is
employed here since the curvature functions used in the subse-
quent numerical tests are only low-order functions within an inte-
gration step, although not necessarily polynomials. As it will
become clear later on, this gives very satisfactory results.
7.1.1. Constant curvature
In our ﬁrst test the rotational vector varies linearly with x:
#ðxÞ ¼ 8x; 0:5x; x½ T: ð41Þ
The associated curvature vector is constant, j ¼ ½8;0:5;1T [10].
The results for the interval ½0;10 are presented in Table 1 and in
Figs. 1–3.
Fig. 1 shows that the components of the rotational quaternion
related to a constant curvature are simple harmonic functions of
x. The ﬁgure compares the exact and the present results. They
agree completely. This is to be expected because solution (28) is,
for the present case of the constant curvature, exact for any step
size. Thus any error could only occur due to machine round-off
errors. This is also demonstrated in Table 1, where the maximum
global errors in the rotational quaternion and all its components
are shown to be smaller than 1014 for step sizes Dx ¼ 1:0, 0.1
and 0.01. Note that the global round-off errors are generally about
one order of magnitude larger for the smallest step size which is
due to a substantially larger number of steps. One may observe
from Fig. 2 that the absolute global errors in the quaternion com-
ponents oscillate nearly periodically about the mean error where
the period is roughly equal to 0.7 if Dx ¼ 0:01. The period appears
to be about the same for all quaternion components. This pattern
Table 1
Constant curvature, Eq. (41): Maximum global integration error in the rotational quaternion, and the associated location xm. Error is deﬁned as errðf Þ ¼ max kf ðxpÞ  f pk.
Dx errðbqÞ xm errðq0Þ xm errðq1Þ xm errðq2Þ xm errðq3Þ xm
1.0 4:4  1016 6.0 2:3  1015 6.0 3:1  1015 10.0 2:1  1016 10.0 3:8  1016 10.0
0.1 6:2  1015 9.9 9:7  1015 8.2 8:3  1015 9.8 5:3  1016 9.8 1:1  1015 9.8
0.01 4:0  1014 10.0 3:7  1014 9.3 3:9  1014 9.7 2:7  1015 9.6 5:2  1015 9.8
exact solution present solution 
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Fig. 1. Constant curvature, Eq. (41): The variation of quaternion components with x. Dx ¼ 0:1.
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Fig. 2. Constant curvature, Eq. (41): The absolute global error, kqiðxpÞ  qipk; i ¼ f0;1;2;3g, in rotational quaternion components. Dx ¼ 0:1 (left) and 0.01 (right).
A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42 31of error behaviour is observed in all the subsequent numerical
tests. Because our primary aim is to assess maximum errors,
Fig. 3 depicts the evolution of the maximum global errors in the
form of maximum envelopes. This form will, in what follows,
become our standard to presenting the evolution of errors.
7.1.2. Almost linear curvature
This time the rotational vector varies quadratically with x:
#ðxÞ ¼ 0:01x2; 0:04x2; 0:25x2  0:04 T: ð42Þ
The mathematical form of the related curvature components is
rather involved and is given in Appendix A. By contrast, when
drawn as graphs, they appear to look just like straight lines. Notethat Eqs. (22) and (23) are now not satisﬁed, so that the formula
given in Eq. (28) is only approximate. The results for the interval
½0;10 are presented in Table 2 and in Figs. 4 and 5.
Fig. 4 shows the graphs of the components of the rotational
quaternion as functions of x. Within the graphical accuracy, they
match the exact ones perfectly. Please note the oscillating shape
of these graphs with the decreasing period of oscillations.
The maximum global errors in the rotational quaternion com-
ponents are displayed in Table 2. For Dx ¼ 0:1, they range from
roughly 106 to 109. When the step size is 10 times smaller,
Dx ¼ 0:01, the error decreases by 102. Notice that the unit norm
of the rotational quaternions is always preserved within the
round-off error precision.
env. err(q ) 0
x
-1810
0 102 864
-1310
-1410
-1510
-1610
-1710
x
-1810
0 102 864
-1310
-1410
-1510
-1610
-1710
env. err(q ) 1 env. err(q ) 2 env. err(q ) 3
Fig. 3. Constant curvature, Eq. (41): The maximum envelopes of the global error in rotational quaternion components. Dx ¼ 0:1 (left) and 0.01 (right).
Table 2
Almost linear curvature, Eq. (42): Maximum global integration error in the rotational quaternion.
Dx errðbqÞ xm errðq0Þ xm errðq1Þ xm errðq2Þ xm errðq3Þ xm
1.0 4:4  1016 8.0 6:4  107 8.0 4:2  104 8.0 4:7  104 9.0 8:1  105 9.0
0.1 1:3  1015 7.9 7:8  109 9.3 6:2  106 9.6 6:0  106 8.9 1:0  106 9.0
0.01 2:2  1015 2.7 7:9  1011 9.3 6:2  108 9.6 6:0  108 8.9 1:0  108 9.0
exact solution present solution 
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Fig. 4. Almost linear curvature, Eq. (42): The variation of rotational quaternion components with x. Dx ¼ 0:1.
32 A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42Zupan and Zupan [10] also used the present example for mak-
ing comparisons between several integration methods of different
orders. They compared the methods derived from the Taylor series,
the exponential map, the Cayley transform and several modiﬁed
forms of truncated power series. However, only their results from
the second-order methods, in [10] denoted by Exp12 and Zed212,
could compete with the present ones in terms of accuracy of com-
ponent q0. Their disadvantage that the norm of the rotational
quaternions is not unitary resulting in the error of about 106 still
remains, however.
The graphs in Fig. 5 show the evolution of the maximum envel-
opes of the global errors in the rotational quaternion components
and in the norm of the rotational quaternion. The general trendof errors is similar as in the previous numerical test, showing that
the maximum global error soon remains nearly constant. This indi-
cates the method’s good potential in solving long-range problems.7.1.3. Almost linear curvature, yet non-zero initially
The rotational vector
#ðxÞ ¼ 0; 0:04x2; 0:25x2 þ 2x T ð43Þ
yields an almost linear curvature whose third component is not
zero initially. Its mathematical form is rather involved, but the
graphs of its components look very much like straight lines. It will
env. err(q ) 0 env. err(q ) 1 env. err(q ) 2 env. err(q ) 3
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Fig. 5. Almost linear curvature, Eq. (42): The maximum envelopes of the global error in components and in the norm of the rotational quaternion. Dx ¼ 0:1 (left) and 0.01
(right).
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Fig. 7. Almost linear curvature, non-zero initially, Eq. (43): An enlarged view of the
variation of the rotational quaternion component q1 with x. Dx ¼ 0:01.
A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42 33be observed that the fact that jðxÞ is not zero at x ¼ 0 decreases the
accuracy somewhat.
Fig. 6 shows the graphs of the components of the rotational
quaternion as functions of x. Within the graphical accuracy, they
match the exact ones perfectly. As q1 is very small in this particular
case, its graph is further displayed in Fig. 7 in an enlarged scale.
Table 3 shows the maximum global errors of the present
method for three step sizes. As observed from the table, the max-
imum global errors in rotational quaternion components revolve
from around 104 to 107 for Dx ¼ 0:1. The norm of the quaternion
is well preserved in all the cases. The results for Dx ¼ 1:0; 0:1 and
0.01 show that the results improve by about two orders of magni-
tude when the step size decreases by factor 10.
Next we compare the results of the present method with the
results of the third-order methods of Zupan and Zupan [10].
Although their results of the Exp13 method experience quite a
small maximum global error 106 in the component q0 for
Dx ¼ 0:1, the error of the norm of the whole quaternion appears
to be much bigger (about 103) compared to the present resultexact solution present solution 
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Fig. 6. Almost linear curvature, non-zero initially, Eq. (43): The variation of rotational quaternion components with x. Dx ¼ 0:01.
Table 3
Almost linear curvature, non-zero initially, Eq. (43): Maximum global integration errors in the rotational quaternion.
Dx errðbqÞ xm errðq0Þ xm errðq1Þ xm errðq2Þ xm errðq3Þ xm
1.0 4:4  1016 5.0 3:0  104 8.0 2:5  102 8.0 2:2  102 10.0 1:4  103 10.0
0.1 4:4  1016 7.4 3:3  107 1.6 5:9  104 9.8 5:5  104 9.4 4:8  105 9.4
0.01 1:9  1015 2.9 3:4  109 1.6 6:0  106 9.8 5:6  106 9.4 4:8  107 9.4
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the remaining components of the rotational quaternion not pre-
sented in their paper. The norm of the rotational quaternion
remains non-unitary even though their improved third-order
methods are employed, where the global error of the norms of
rotational quaternions estimated by the Exp23 and Zed223 methods
is about 106, and the related error of q0 is about 10
8.
The graphs in Fig. 8 show the maximum envelopes of the global
integration errors in the rotational quaternion components and bq.
It is clear that the maximum error envelopes of both the single
components and the whole quaternion stay practically constant.
This is a very desired property in solving long-range problems.
7.1.4. Oscillating curvature
This example, borrowed from Zupan and Zupan [10], employs
the rotational vector exhibiting large amplitude components and
oscillations with different frequencies:
#ðxÞ ¼ 5 cos x; sin 4x; x½ T: ð44Þ
The graph of the related curvature j is presented in [10].
Table 4 shows the results of the present method for
Dx ¼ 1:0;0:1;0:01 and 0.001. The maximum global integration
errors in rotational quaternion components range from 101 and
106, respectively. The unit norm of the rotational quaternions is
well preserved in all the cases.
The analogous results of [10] for the maximum global errors in
q0 and kbqk obtained with the third-order methods assuming very
small step size Dx ¼ 0:01 outperform the present one in q0 by fac-
tor 101. Although their results of the Exp23;Zed23 and Zed223env. err(q ) 0 env. err(q ) 1 env. er
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Fig. 8. Almost linear curvature, non-zero initially, Eq. (43): The maximum envelopes
quaternion. Dx ¼ 0:1 (left) and 0.01 (right).
Table 4
Oscillating curvature, Eq. (44): Maximum global integration error in the rotational quater
Dx errðbqÞ xm errðq0Þ xm errðq
1.0 2:2  1016 2.0 3:8  101 10.0 5:3 
0.1 1:2  1015 9.7 5:4  103 2.0 1:9 
0.01 1:8  1015 5.1 5:3  105 2.0 2:0 
0.001 8:7  1015 7.5 5:3  107 2.0 2:0 methods experience quite a small maximum global error 106 in
component q0, the error in the norm of the rotational quaternion
appears to be much bigger (106) compared to the present result
(1015).
Fig. 9 compares the variations of rotational quaternion compo-
nents of the exact and the present results for Dx ¼ 0:01. Within the
graphical accuracy, the present results match the exact ones
perfectly.
The accompanying Fig. 10 shows the maximum envelopes of
the global errors in quaternion components and its norm. It can
again be observed that the envelopes of the maximum errors
remain practically constant with increasing x. The actual global
errors of particular components of the rotational quaternion may,
however, substantially differ for different x’s. This is also apparent
from the results in [10].7.2. The comparisons with the quaternion-based midpoint integration
method [14] and the Crouch–Grossman methods [11,25,26]
The advantages of using the closed-form formula, Eq. (28), are
that it automatically preserves the unity of the rotational quater-
nion and considers changing of the curvature within an integration
step which both improve accuracy of the solution. Its less desired
property is a higher computational demand. By contrast, the
quaternion-based midpoint integration method, introduced and
tested in [14], is computationally efﬁcient in a step, yet it is less
accurate globally and does not preserve orthogonality by the
deﬁnition. Now we compare the two methods and the well known
Crouch–Grossman methods [25,26] in their behaviour.r(q ) 2 env. err(q ) 3 env. err(q) ˆ
x
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of the global integration error in components and in the norm of the rotational
nion.
1Þ xm errðq2Þ xm errðq3Þ xm
101 5.0 5:0  101 8.0 2:9  101 1.0
102 8.6 2:0  102 5.5 1:3  102 2.2
104 8.6 2:0  104 5.5 1:3  104 2.3
106 8.6 2:0  106 5.5 1:3  106 2.2
exact solution present solution 
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Fig. 9. Oscillating curvature, Eq. (44): The variation of rotational quaternion components with x. Dx ¼ 0:01.
A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42 357.2.1. Linear curvature
Let us assume that the curvature quaternion is the following
linear function of x:
bjðxÞ ¼ 0; 10x 2; 2x; xþ 4½ T: ð45Þ
The solution will be determined by both the midpoint method (later
on referred as MP-q) [14] and by Eq. (28) (referred as EM4). The lat-
ter, with a very small step size, Dx ¼ 2  104, is taken as the refer-
ential solution.
Fig. 11 shows the variation of the rotational quaternion compo-
nents with x for the referential solution. It is interesting to see that
the linearly varying curvature implies such a high frequency oscil-
lating behaviour of the quaternion components. Fig. 12 shows an
enlarged view of the variation of component q0 for three step sizes
and two methods, EM4 and MP-q, in a sub-intervals ½0;3 and
½9;10. Initially only MP-q with a larger step-size, Dx ¼ 0:1, differ
somewhat from the referential results. Later on the results of the
MP-q method with both Dx ¼ 0:1 and 0.01 differ substantially,
please observe a large horizontal stretching of the related graphs
in Fig. 12. By contrast, a very good match between the results ofenv. err(q ) 0 env. err(q ) 1 env. err
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Fig. 10. Oscillating curvature, Eq. (44): The maximum envelopes of the global integratio
and 0.01 (right).the EM4 method for Dx ¼ 0:1;0:01 and 0.0002 with no stretch
can be observed.
The results in Table 5 indicate that the maximum global error in
the rotational quaternion norm exhibited by the MP-q method is
very small for any step size, while the errors in particular compo-
nents are large; in fact, they are much larger than those experi-
enced by the EM4 method, see Table 6. Recall also that the EM4
method is computationally more demanding than MP-q; e.g. for
the data in Tables 5 and 6, the ratio of computing times was about
seven; for the data in Table 8, discussed in the next sub-section, the
ratio was about 2.5.
Fig. 13 presents graphs of the maximum envelope of the global
error in q0 for various step sizes and the two methods. One can see
that the maximum global error of the MP-q method increases with
x even for a very small step size, Dx ¼ 0:0002. This is in a sharp
contrast to the EM4 method, where the global error stabilizes
and remains nearly constant for any step size. Furthermore, for
the step sizes DxP 0:01, the maximum global error in q0 of the
MP-q method approaches value 2. As the norm of the total rota-
tional quaternion is constrained to be one, such a solution is(q ) 2 env. err(q ) 3 env. err(q) ˆ
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Fig. 11. Linear curvature, Eq. (45), Dx ¼ 0:0002 (referential solution): The variation of rotational quaternion components with x.
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Fig. 12. Linear curvature, Eq. (45): The variation of rotational quaternion component q0 with x. An enlarged view in sub-intervals ½0;3 (left) and ½9;10 (right) for the EM4 and
MP-q methods. Dx ¼ 0:1;0:01 and 0.0002.
36 A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42wrong. Note that an artiﬁcial, brute-force normalization of the
rotational quaternion after completing each step, does not help
much because the norm of the quaternion is very close to 1
already.
The rate of convergence of the two methods can be estimated
from the left ﬁgure of Fig. 14. The ﬁgure shows the maximum glob-
al errors in the q0 component after the integration over the whole
interval ½0; 10 has been completed, in terms of the step size and
the chosen method. As the graphs are depicted in the logarithmic
scale, the 4th and the 2nd rate of convergence of the EM4 and
the MP-q methods is easily observed.
7.2.2. Curvature combined from polynomial and harmonic functions.
The comparisons with the Crouch–Grossman methods [25,26].
The rotational vector is assumed as [14]
#ðxÞ ¼ 2þ ðsin 2xÞ2; x; 5x3  4x
h iT
: ð46ÞThis is a highly oscillating function, whose amplitudes are mainly
driven by the cubic polynomial 5x3  4x. Consequently, the associat-
ed curvature is also an oscillating function, but the quadratic polyno-
mial dominates the overall behaviour. The graphs of the related
exact rotational quaternion components are shown in Fig. 15.
Because the frequency of oscillations increases with x, and, conse-
quently, the graphs are gradually getting blurred, only the part relat-
ed to a smaller interval ½0;4 is plotted in Fig. 15. Again, the graphs of
the exact and the numerical solutions match nicely.
Several different classical numerical solution methods present-
ed in [14] were shown to be unable to obtain the solution of the
present case due to increasingly fast oscillations of rotations.
Unless sufﬁciently small step sizes were applied in [14], the local
error was large and, consequently, the global maximum error
was growing until the solution became unstable. On the other
hand, if the step sizes were too small, the round-off errors accumu-
lated and the solution diverged as well.
Table 5
Linear curvature, Eq. (45): Maximum global integration errors. MP-q formulation [14].
Dx errðbqÞ errðq0Þ errðq1Þ errðq2Þ errðq3Þ
1.0 6:7  1016 1:3  100 7:9  101 1:5  100 1:1  100
0.1 2:2  1015 1:3  100 1:0  100 1:7  100 1:5  100
0.01 6:0  1015 2:2  100 1:0  100 1:4  100 1:2  100
0.001 1:0  1014 1:5  102 1:2  102 2:0  102 1:7  102
0.0002 4:4  1014 6:0  104 4:7  104 8:1  104 7:0  104
Table 6
Linear curvature, Eq. (45): Maximum global integration errors. Present formulation
EM4.
Dx errðbqÞ errðq0Þ errðq1Þ errðq2Þ errðq3Þ
1.0 3:3  1016 3:2  101 4:2  101 8:1  101 9:0  101
0.1 1:3  1015 2:9  103 4:6  103 8:4  103 9:2  103
0.01 3:8  1015 2:1  108 1:7  105 6:8  105 6:6  105
0.001 7:4  1015 2:0  1012 1:7  107 6:5  107 1:7  107
0.0002 3:7  1014 0 0 0 0
A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42 37Data in Table 7 show that the MP-q method may produce large
errors in components, although the global error in the norm of the
quaternion is very small. The critical components appear to be q0
and q3, whose errðÞ approaches value 2 for any step size employed.
Such a wrong value of the component occurs due to the horizontal
stretching of the graphs, which is followed by loss of convergence.
By contrast, the EM4 solution displayed in Table 8 is stable and the
accuracy is well improved by the decrease of the step size. Thex
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Fig. 13. Linear curvature, Eq. (45): The maximum envelope of the global error kbq0Dx¼0:0002
(right) methods for various Dx’s.
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Fig. 14. Convergence of the maximum global error in q0 in interval ½0behaviour of the two solutions is also illustrated in Fig. 16 where
the graphs of q0ðxÞ for the EM4 (left) and MP-q (right) methods
using a very small step size, Dx ¼ 0:0002, are displayed in a short
interval ½9:9; 10:0 in an enlarged view. It is clear from Fig. 16 that
the MP-q method results in the graph which is substantially
horizontally stretched even for a very small step size 0.0002. Due
to the horizontal stretch, the locations of the pick values of the
exact and the approximate solutions are different, although
the magnitudes of the pick values of the two methods almost
agree, i.e. j qexact0 j ¼: j qapprox0 j. When stretch becomes sufﬁciently
large, say about one half of the period, the two pick values have
opposite signs and the absolute error approaches
errðj qexact0  qapprox0 jÞ¼: j qexact0  ðqapprox0 Þ j ¼: 2 j qapprox0 j. Hence if q0
approaches 1, the error approaches 2. Note from the ﬁgure that
the EM4 method follows the exact graph perfectly.
Convergence properties of the two methods are further dis-
played in the right ﬁgure of Fig. 14. As no improvement in accuracy
is achieved, if the step size is decreased (see Table 7), the MP-q
method yields a completely wrong result at x ¼ 10. The EM4
method, on the other side, shows the quadratic rate of convergence
in terms of the absolute error.
Fig. 17 shows the variation of the maximum envelopes of the
global error in q0 for various step sizes and the EM4 and MP-q
methods.
Although not shown in the paper, the graphs of maximum
envelopes of the global error in the rotational quaternion norm
for the very small step size Dx ¼ 0:001 and the two methods indi-
cate that the maximum error of the EM4 method remains small
over the whole range. The one of MP-q is initially small, too (less
than 1014), but starts accumulating at some point, roughly atx
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;10 for MP-q and EM4 methods. Eq. (45) (left), Eq. (46) (right).
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Fig. 15. Combined curvature, Eq. (46): The variation of the rotational quaternion components with x. Dx ¼ 0:01.
38 A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42x ¼ 6, triggering the onset of instability. Reducing the quaternion
to 1 after each integration step does not resolve the instability
problem.
Next, the results of the present method are also compared with
those of the third and fourth order Crouch–Grossman (CG) Lie
groupmethods CG3 and CG4 [25,26]. These methods are construct-
ed using the concepts of the Runge–Kutta methods on the Lie
groups. For example, the CG3 method is a three-stage algorithm
to obtain the rotational quaternion, bqiþ1, at new step iþ 1 asTable 7
Combined curvature, Eq. (46): Maximum global integration errors of the rotational
quaternion. MP-q formulation [14].bKð1Þ ¼ 1
2
bKð bxðxiÞÞ; ð47Þ
bKð2Þ ¼ 1
2
bKð bxðxi þ 34DxÞÞ; ð48ÞbKð3Þ ¼ 1
2
bKð bxðxi þ 1724DxÞÞ; ð49Þbqiþ1 ¼ e2417DxbKð3Þ e23DxbKð2Þ e1351DxbKð1Þ bqi: ð50ÞDx errðbqÞ errðq0Þ errðq1Þ errðq2Þ errðq3Þ
1.0 2:2  1016 1:4  100 5:9  101 8:8  101 1:3  100
0.1 8:8  1016 1:9  100 3:7  101 2:9  101 2:0  100
0.01 2:4  1015 2:0  100 4:4  102 5:8  102 2:0  100
0.001 6:1  1014 2:0  100 6:0  103 1:3  103 2:0  100
0.0002 6:2  1014 1:7  100 1:8  103 4:8  103 1:7  100
Table 8
Combined curvature, Eq. (46): Maximum global integration errors in rotational
quaternions. Present formulation EM4.
Dx errðbqÞ errðq0Þ errðq1Þ errðq2Þ errðq3Þ
1.0 2:2  1016 8:8  101 8:8  101 9:3  101 1:0  100
0.1 6:7  1016 4:8  102 1:8  101 1:8  101 5:3  102
0.01 4:3  1015 5:4  104 1:0  102 1:0  102 5:8  104
0.001 6:3  1015 5:7  106 2:2  104 2:2  104 5:9  106
0.0002 1:4  1014 2:3  107 9:2  106 9:2  106 2:4  107Obviously, the CG3 method requires the evaluation of three matrix
exponentials and their multiplications and is thus computationally
much more demanding than EM4. Similarly, the CG4 method is a
ﬁve-step method whose coefﬁcients are provided in, e.g. [11,26].
The detailed description of methods CG3 and CG4 is presented in
[25,26]. Note that the CG3 and CG4 methods preserve the unit norm
by the deﬁnition.
The results of the CG methods for the maximum global error in
q0 are depicted in Fig. 17. It is clear that the CG3 method performs
about the same as the EM4 method for larger step sizes, Dx ¼ 0:1
and 0.01, yet it is at least two orders of magnitude more accurate
for Dx ¼ 0:001 and 0.0002. These differences are even larger for
method CG4 (Fig. 17). Note also that the present excellent result
for the CG methods is not in keeping with the results of Andrle
and Crassidis [11] who stated that both CG3 and CG4 suffer from
a considerable round-off error accumulation.7.3. The integration of angular velocity from curvature
Three tests will be performed to validate the formula assumed
in Eq. (39) and to assess its accuracy. We start with the assumption
that the rotational quaternion is a given function of x and t, so that
the exact closed-form expressions for the curvature and the angu-
lar velocity quaternions can be derived. The exact curvature
quaternion is then employed to obtain the approximate values of
the rotational and angular velocity quaternions, which are then
compared to the exact ones. In the last test, we assume that the
curvature rather than the rotational quaternion is given and eval-
uate both the rotational and angular velocity quaternions only
numerically.
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Fig. 16. Combined curvature, Eq. (46): The horizontal stretch of q0ðxÞ for MP-q. The enlarged graphs of q0ðxÞ for the EM4 (left) and MP-q (right) methods in interval ½9:9; 10:0.
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rotations
The rotational quaternion is a given function of ðx; tÞ as
bqðx; tÞ ¼ cos x2t2
20
; 0:5 sin
x2t2
20
; 0:8 sin
x2t2
20
;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:11
p
sin
x2t2
20
 	T
:
ð51Þ
Note that the above quaternion is unitary. It represents the planar
rotation about the ﬁxed axis ½0:5; 0:8;
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
0:11
p
T. The exact curvature
and the angular velocity quaternions as functions of ðx; tÞ are easily
derived from the above quaternion using Eqs. (12) and (9):x
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numerical solutions. Dx ¼ Dt ¼ 0:1.
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One can observe the co-linearity of the above two quaternions
which is due to the ﬁxed rotation axis. The conditions (24) and
(25) are hence identically satisﬁed, see discussion in Section 4.2,
so that Eq. (39) will, with the present choice of the rotational
quaternion, yield the exact solution. This is conﬁrmed in a square
domain ½0; 5  ½0; 5 by the numerical results displayed in Fig. 18x
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x1; x2; x3 are depicted at times t ¼ 1;2;3;4;5. The step sizes
Dx ¼ Dt ¼ 0:1 were applied in the integration. The global error of
components at any of the discrete points of the square domain
was found to be less than 1:42  1014. Therefore the exact and the
numerical solutions match completely, which validates the pro-
posed procedure.
7.3.2. The test with a given rotational quaternion – the spatial
rotations
This time the rotations are spatial with the rotational quater-
nion whose axis of rotation is constrained to stay within a plane:
bqðx; tÞ ¼ cos 5xt; cos 0:1t sin 5xt; 0:8 sin 0:1t sin 5xt; 0½ T: ð54Þ
The exact curvature and the angular velocity quaternions as func-
tions of ðx; tÞ are derived from Eqs. (12) and (9) and read:bj ¼ 0; 10t cos 0:1t; 10t sin 0:1t; 0½ T;
bx ¼
0
10x cos 0:1t  0:2 sin 0:1t cos 5tx sin 5tx
10x sin 0:1t þ 0:2 cos 0:1t cos 5tx sin 5tx
0:2 sin2 5tx
26664
37775: ð55Þ
Inserting Eq. (55) into Eq. (24) and (25) shows that the two condi-
tions are not identically satisﬁed. Hence Eq. (39) does not yield the
exact solution. The results are presented for a square domain
½0; 5  ½0; 5 and displayed in Fig. 19 where the numerical and the
exact solutions for the components x1; x2; x3 are depicted. The
step sizes Dx ¼ Dt ¼ 0:1 were applied in the integration. The two
solutions match nicely. Observe from Fig. 19 that the amplitudes
of the component x3 remain very small but highly oscillating.
7.3.3. The test with a given curvature quaternion
In the curvature-based ﬁnite-element formulations of beams,
the curvature takes the role of the basic unknown which needs
to be approximated. With this in mind, let us assume that the cur-
vature is given by
bjðx; tÞ ¼ 0:1xt2; t sin 2x; 0:01xð1 etÞ T ð56Þand employ Eq. (39) in obtaining an approximation of the angular
velocity at discrete points of the orthogonal grid ðDx ¼ Dt ¼ 0:1Þ
on a square domain ½0; 5  ½0; 5. Next, two separate sets of the
rotational quaternions are derived by the integration, the ﬁrst one
from the given curvature (56) using Eq. (28), and the other one from
the computed angular velocity employing Eq. (29). The initial con-
ditions to these integrations are, respectively, bxðx0; tÞ ¼ bxx0 ðtÞ,bqðx0; tÞ ¼ bqx0 ðtÞ and bqðx; t0Þ ¼ bqt0 ðxÞ. Because these two rotational
quaternions should be the same, the error can be estimated as kDbqk.
Fig. 20 shows the variation of the given curvature components
j1;j2 and j3 and the computed angular velocity components
x1;x2 and x3 on a square domain ½0;5  ½0;5 employing
Dx ¼ Dt ¼ 0:1. One may observe that the components ofx oscillate
much faster than those of j when x and t approach point ð5;5Þ.
When the computation is repeated with a ﬁner mesh,
Dx ¼ Dt ¼ 0:05, the maximum norm of x changes by about 0:5%.
The two rotational quaternions, one obtained from the given
curvature and the other one from the associated numerically inte-
grated angular velocity, are compared in Fig. 21. To show that the
differences between the two quaternions are really small, planar
graphs of the quaternions are plotted on the parallel planes
t ¼ f1; 2; 3; 4; 5g. The differences between the components
q0; q1; q2; q3 of the two quaternions on the given domain could
only be observed in a small area around point ð5; 5Þ. We may thus
conclude that the overall agreement is very good even when apply-
ing Dx ¼ Dt ¼ 0:1.8. Conclusions
In dynamics of ﬂexible spatial beams, the rotation, angular velo-
city and curvature vectors depend on both x and t. When the solu-
tion procedure is curvature-based, as e.g. in [8,9], the rotational
and angular velocity vectors need to be obtained by the integration
of the interpolated curvature. The paper employs the quaternion
description to obtain an approximate, yet closed-form solution
for the rotational quaternion which preserves the unity constraint
exactly and makes possible to account for the actual curvature var-
iation over the integration interval. In some rare cases, e.g. if the
42 A. Treven, M. Saje / Advances in Engineering Software 85 (2015) 26–42curvature is constant in x (although it may be an arbitrary function
of t), the solution for the rotational quaternion is exact.
The curvature and angular velocity vectors must satisfy certain
integrability conditions to assure that the unique rotational
quaternion is obtained. They have here been deduced and integrat-
ed approximately for the angular velocity as a function of the cur-
vature. This closed form solution needs a nested integral to be
evaluated numerically. The assumed interpolation for the curva-
ture components, and the derived closed-form solutions for the
rotational quaternion and the curvature vector may then be used
as natural interpolations in a reﬁned ﬁnite-element formulation
of spatial beams.
An extensive numerical study has been carried out where the
numerical results have also been compared with the exact ones
for a variety of oscillating rotations. The present rotational
quaternion integration method has also been compared with the
quaternion-based midpoint integrator [14] and two geometric
Runge–Kutta-type of integrators of Crouch and Grossman [25,26].
It is conﬁrmed that the present method results in a perfect
agreement with the exact graphs of the quaternion components
and preserves the unity of the rotational quaternion for a wide
range of integration steps and oscillating functions. The Crouch–
Grossman integrators CG3 and CG4 behave much alike to the
present integrator and offer better accuracy, but are computationally
much more demanding. This is to be contrasted to the results of
the less accurate quaternion-based midpoint integration method
[14] where often a signiﬁcant horizontal stretching of graphs is
exhibited even for very small step sizes. It must be noted that
the horizontal stretching represents the main reason for an early
and sudden instability of the midpoint integrator. The comparisons
have also proved the validity of the proposed procedure for the
angular velocity integration.
Acknowledgements
This work was supported by the Slovenian Research Agency
through grant 1000-14-0510. The support is gratefully
acknowledged.
Appendix A
Eq. (42) and the related curvature j.
Using the well known relation between the rotational vector
and the curvature vector [14] yields
j¼
1
50a3 400x 2a2acosb
ﬃﬃﬃ
2
p
sinb

 
þ50x3 aþ50
ﬃﬃﬃ
2
p
sinb

 
þ321x5a
h i
1
25a3 100x aacosbþ8
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2
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sinb
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ﬃﬃﬃ
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377775;
where a; b and A are:a ¼
ﬃﬃﬃ
A
p
; b ¼
ﬃﬃﬃﬃﬃﬃ
2A
p
100
and A ¼ 321x4  100x2 þ 8 > 08x:References
[1] Ahmed MS, C´uk DV. Comparison of different computation methods for
strapdown inertial navigation systems. Sci-Tech Rev 2005;55:22–9.
[2] Bortz JE. A new mathematical formulation for strapdown inertial navigation.
IEEE Trans Aerosp Electron Syst 1971;7:61–6.
[3] Friendland B. Analysis of strapdown navigation using quaternions. IEEE Trans
Aerosp Electron Syst 1978;14:764–8.
[4] Phillips WF, Hailey CE, Gebert GA. A review of attitude kinematics for aircraft
ﬂight simulation, Modeling and Simulation Technologies Conference, 14–17
August 2000, Denver, Colorado.
[5] Whitmore SA. Closed-form integrator for the quaternion (Euler angle)
kinematic equations, United States Patent Number 6,061,611. Washington
(DC); 2000.
[6] Choe SB, Faraway JJ. Modeling head and hand orientation during motion using
quaternions. Soc Automot Eng 2004:1–7.
[7] Sabatini AM. Quaternion-based strap-down integration method for
applications of intertial sensing to gait analysis. Medical Biol Eng Comput
2005;43:94–101.
[8] Zupan D, Saje M. Finite-element formulation of geometrically exact three-
dimensional beam theories based on interpolation of strain measures. Comput
Methods Appl Mech Eng 2003;192:5209–48.
[9] Zupan D, Saje M. The three-dimensional beam theory: ﬁnite element
formulation based on curvature. Comput Struct 2003;81:1875–88.
[10] Zupan E, Zupan D. On higher order integration of angular velocities using
quaternions. Mech Res Commun 2014;55:77–85.
[11] Andrle MS, Crassidis JL. Geometric integration of quaternions. J Guidance
Control Dyn 2013;36:1762–7.
[12] Chiou JC, Jan YW, Wu SD. Family of constraint-preserving integrators for
solving quaternion equations. J Guidance Control Dyn 2001;24:72–8.
[13] Simo JC, Tarnow N, Doblare M. Non-linear dynamics of three-dimensional
rods: exact energy and momentum conserving algorithms. Int J Numer
Methods Eng 1995;38:1431–73.
[14] Zupan E, Saje M. Integrating rotation from angular velocity. Adv Eng Software
2011;42:723–33.
[15] Argyris J. An excursion into large rotations. Comput Methods Appl Mech Eng
1982;32:85–155.
[16] Bottasso CL, Borri M. Integrating ﬁnite rotations. Comput Methods Appl Mech
Eng 1986;58:79–116.
[17] Zupan E, Saje M, Zupan D. The quaternion-based three-dimensional beam
theory. Comput Methods Appl Mech Eng 2009;198:3944–56.
[18] Ibrahimbegovic´ A. On the choice of ﬁnite rotation parameters. Comput
Methods Appl Mech Eng 1997;149:49–71..
[19] Ghosh S, Roy D. Consistent quaternion interpolation for objective ﬁnite
element approximation of geometrically exact beam. Comput Methods Appl
Mech Eng 2008;198:555–71.
[20] Romero I. The interpolation of rotations and its application to ﬁnite element
models of geometrically exact rods. Comput Mech 2004;34:121–33.
[21] Poreous IR. Clifford algebras and the classical groups. Cambridge University
Press; 1995.
[22] Ward JP. Quaternions and Cayley Numbers. Dordrecht/Boston/London: Kluwer
academic Publishers; 1997.
[23] Taylor ME. Introduction to differential equations; 2011. <http://www.math.
unc.edu/Faculty/met/odechap3.pdf>.
[24] Zhao F, van Wachem BGM. A novel quaternion integration approach for
describing the behaviour of non-spherical particles. Acta Mech
2013;224:3091–109.
[25] Crouch P, Grossman R. Numerical integration of ordinary differential equations
on manifolds. J Nonlinear Sci 1993;3:1–33.
[26] Jackiewicz Z, Marthinsen A, Owren B. Construction of Runge–Kutta methods of
Crouch–Grossman type of high order. Adv Comput Math 2000;13:405–15.
